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We present a measurement technique for quantifying coupling between semiconductor quantum dots
in an array. This technique employs magnetoconductance fluctuations to probe the decrease in the
average spacing of the quantum energy levels as the electron wave functions in the dots undergo
hybridization. Focusing on Ga0.25In0.75As dots, we investigate hybridization as the coupling strength
is varied and the number of dots in the array is increased. Our technique reveals a significant drop
in the average energy level spacing for multiple dot arrays, which is strong evidence for wave
function hybridization. © 2009 American Institute of Physics. �doi:10.1063/1.3258495�

The coupling of quantum electronic devices to form ar-
rays is of considerable interest for both fundamental physics
�e.g., quantum coherence1,2� and applied physics �e.g.,
spintronics2�. From an engineering viewpoint, understanding
the interaction of individual devices represents the first step
for developing circuits with sophisticated quantum function-
ality. Whereas the majority of previous coupling studies have
focused on electron transport mediated by tunneling between
“closed” quantum dots,1–3 here we focus on the “open” trans-
port regime where the devices are connected by conducting
channels.4–6 We will describe a measurement technique for
quantifying the evolution of the quantum energy level spec-
trum of the open arrays as the coupling strength of the con-
necting channels is varied and the number of devices in the
array, Ndot, is increased. This technique employs magneto-
conductance fluctuations �MCF� to probe the decrease in the
average spacing of the quantum energy levels as the electron
wave functions undergo hybridization. Our method is flex-
ible compared to previous spectroscopy techniques, in that it
does not require microwave radiation,1,3 nor is it restricted to
probing dots �0.2 �m2 in area.7

To demonstrate the technique, we investigate arrays of
ballistic quantum dots etched into a modulation-doped
GaInAs/InP heterostructure,8 shown schematically in Fig.
1�a�. The GaxIn1−xAs material system is increasingly
employed for studies of quantum transport phenomena,
such as quantum coherence9 and engineered conductance
asymmetry,4 rather than the traditional AlxGa1−xAs /GaAs
heterostructures.5,6 The reduced effective mass m� of our
Ga0.25In0.75As quantum well �with a measured m�=0.04me
compared to 0.067me for GaAs� produces larger energy level
spacings, making this system optimal for studies of energy
level hybridization. Three separate arrays, comprising one,
two, and three coupled dots, are defined within a two-
dimensional electron gas �2DEG� situated in the 9 nm wide
quantum well. The arrays are patterned using electron beam
lithography and etched into the mesa of a Hall bar. A uniform

Ti/Au electrostatic gate, separated from the heterostructure
surface by a 1 �m insulating polymer layer, simultaneously
controls the electron density in the Hall bar and in the de-
vices. An electron density, ns=6�1011 cm−2, and mean free
path, lt=3 �m, are obtained at a top gate bias of Vg=0 V
and temperature T=240 mK. Further details of the hetero-
structure can be found in the literature.8,10

The two and three dot arrays are shown in the scanning
electron microscopy �SEM� images of Fig. 1�b�. These and
the one dot array are defined in the same Hall bar to ensure
an identical material environment. Each component dot has
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FIG. 1. �Color online� �a� The Ga0.25In0.75As / InP heterostructure etched to a
narrow channel, �b� an SEM image of the double and triple dot arrays with
a typical depletion profile �dotted� and the smallest enclosed electron trajec-
tories, �c� MCF for the single, double, and triple dot arrays �top to bottom�
at N1,2�1. MCF for the single dot are offset 0.2� �2e2 /h� for clarity.
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a square geometry with lithographic dimensions of 0.77
�0.73 �m2 ��0.01 �m�. The dots are smaller than the
mean free path to ensure that conduction within a dot is
ballistic. Each dot is coupled to its neighbors by nominally
identical quantum point contacts �QPCs� with lithographic
widths of 100�5 nm. Typical electrostatic depletions are
shown in Fig. 1�b�. The etched confinement potential in these
devices is an order of magnitude steeper than the equivalent
in surface gate-defined devices,10 which enables the number
of conducting channels in the QPCs to be altered by the top
gate without significantly perturbing the dot geometry.

The arrays were cooled to T=240 mK in a 3He refrig-
erator and their conductance G was measured using lock-in
detection �37 Hz� methods in a four-probe configuration at a
1 nA constant current. The MCF were measured at plateaus
observed in the conductance of each array versus Vg, Fig.
1�c� shows the MCF measured on the first plateau. We pa-
rameterize coupling between dots within each array using the
mean conductance �G� of the MCF, which increases as the
gate populates additional modes in the QPCs. The mean was
taken at magnetic fields �B� where chaotic transport and
time-reversal symmetry breaking occur simultaneously
�0.02 T�B�0.4 T�.9 The MCF at these fields can be ana-
lyzed using random matrix theory �RMT�,9,11,12 which plays
an important role in our technique.

Since the MCF are generated by quantum interference of
phase coherent electrons, the electron phase coherence time
�� is a crucial parameter. We use an established method to
measure �� based on the correlation field �Bc� at magnetic
fields sufficiently large �B�0.5 T� that electron conduction
occurs in the skipping-orbit regime.13 Figure 2�a� shows ��

and the equivalent phase-breaking length l� for each array
�l�=vF��, where vF is the electron Fermi velocity� plotted as
a function of �G�. As expected for identical material environ-
ments, all three arrays reveal approximately the same phase
coherence length of l��6 �m. This value decreases slightly
as the number of coupling modes N increases. This suppres-
sion has been explained in terms of the increased exposure of
the dots to the 2DEG environment.14

We begin our investigation of the energy level spectrum
by considering the single dot device. The average energy
level spacing 	ES is determined by combining two previ-

ously established methods for extracting �� from the MCF:
the correlation field analysis discussed above13 and an analy-
sis of the average amplitude of the low-field MCF, 
G. In
this second method, 
G can be related to fundamental device
parameters via a conductance correlation function derived
from RMT,9,12

�
G�2 = �
0

� �
0

�

f��E�f��E��

�
�G�2

�N + N��2 + 4�2�E − E��2/	ES
2dEdE�, �1�

where N=N1+N2 is the total number of modes in the enter-
ing and exiting QPCs and f��E� is the derivative of the Fermi
function. In this model, suppression of phase coherence is
analogous to electrons escaping the dot through a fictitious
lead attached to a phase-randomizing reservoir. The escape
rate is set by 	ES and is related to N� by the expression
N�=2� /��	ES.15

Figure 2�b� shows 
G plotted as a function of �G� for
the three arrays. Figure 2�b� also includes a calculation of

G=N1N2 / �N2+N�N� for the single dot based on a zero-
temperature RMT prediction that includes phase
decoherence.11 For this theory, the number of physical modes
in the QPCs are calculated from the mean conductance �G�
= �1 /N1+1 /N2�−1 �2e2 /h�,11 while N�=m�A /�� is calcu-
lated using the dot’s enclosed area A obtained from simula-
tions of the confinement potential.10 The observed reduction
in the measured values of 
G compared to this theory is
expected due to the suppression of the MCF amplitude at
finite temperature. The close agreement between the mea-
sured and predicted trends in 
G for the single dot confirms
the applicability of RMT to these devices.

Previous research has shown that values of �� obtained
from Eq. �1� and those extracted from the correlation field
analysis are consistent.9 Thus we propose extracting 	ES
from Eq. �1� by numerical integration, using the values of ��

from the correlation analysis along with the measured values
for N, 
G, T, and �G�. The results of this method are shown
in Fig. 3�a�. For comparison, we have included the value of
	ES calculated from the dot’s enclosed area A. This simple
approximation shows a downward trend with �G� caused by
the increase in A due to decreased electrostatic depletion.
Values of 	ES measured using Eq. �1� show an even steeper
decrease, which we assign to a combination of reduction in
area and also an increase in hybridization between the wave
functions in the dot and QPCs.

We can now apply the technique to investigate the cou-
pling between dots in the double and triple arrays. Figure
1�c� compares the MCF for the three arrays measured at the
first conductance plateau �N1 ,N2�1�. By inspection, the
MCF show: �1� a decrease in 
G as the number of dots in the
arrays increase and �2� an increase in high frequency content
in the double and triple dot arrays. To explain these observa-
tions, we first consider the possible scenario that each dot in
an array acts as an isolated quantum system, i.e., the wave
functions do not couple, but are instead spatially contained
within the square geometry of the dot. If this is the case, then
the MCF generated by each dot in the array will be indepen-
dent of the MCF from neighboring dots. This will lead to
ensemble averaging of the MCF, such that 
Gtotal

FIG. 2. �Color online� �a� Phase coherence time �� and length l� vs coupling
strength, �G�, for the single �circles�, double �squares�, and triple �triangles�
dot arrays. �b� RMS amplitude of the conductance 
G vs �G� for the three
arrays. Open circles are a theoretical prediction for the single dot based on
random matrix theory. The solid lines are a linear fit to the data for the single
dot, and the same fit scaled by 1 /	2 and 1 /	3 assuming ensemble averaging
�see text�.
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=
Gdot /	Ndot. The solid gray lines in Fig. 2�b� plot the trend
in 
G for the single dot and for a double and triple array
assuming ensemble averaging. These trends do not fit to the
measured data for the double and triple arrays, indicating
that wave function coupling must be occurring between the
dots. The absence of ensemble averaging has also been ob-
served for open dot arrays in GaAs heterostructures.14

Our technique for evaluating 	ES can be used to quan-
tify the extent of this coupling. Figure 3�a� shows a signifi-
cant drop in 	ES between the single and double dot arrays,
which is consistent with hybridization of the double array’s
energy spectrum. Intriguingly, the triple dot array shows a
degree of hybridization similar to the double array. This can
be understood by examining the characteristic l� values in
Fig. 2�a�. Picturing the smallest quantum interference loop as
the diamond shapes shown in Fig. 1�b�, the minimum perim-
eter for a loop spanning the double array is 4.2 �m, while
for the triple array it is 6.4 �m. Thus the measured l�


6 �m easily accommodates the minimum perimeter co-
herent interference loop spanning the double array, but the
corresponding loop perimeter in the triple array is �l� and
has a much reduced likelihood of coherent transport over all
three dots.

The limited phase coherence in the triple array is further
substantiated by inspection of the Fourier spectra in Fig.
3�b�. Higher frequency fluctuations correspond to a larger
spatial extent of electron quantum interference loops,16

which we would expect for larger coherent systems like the
hybridized arrays.6 The double dot array has significantly

more high frequency content than the single dot. However,
the triple dot array shows no appreciable difference com-
pared to the double array, confirming that the extent of hy-
bridization is limited by de-phasing in the third dot. We note
that the mild downward trend in 	ES observed in Fig. 3�a�
for the three devices is reflected in the Fourier spectra, with
higher frequency structure increasing mildly with coupling
strength �G�.

In summary, we have demonstrated a quantitative
method for extracting 	ES, which is a direct indicator of
wave function hybridization in an array of ballistic quantum
dots. Our arrays showed hybridization over the entire range
of measured coupling strengths �N1,2�1–4�. Future devices
will benefit from smaller component dots and/or improved
materials, which will permit coherent transport over more
complicated geometries. We note that, although this letter
concentrated on ballistic transport, the �� measurement
methods that formed the basis of our measurement technique
have analogous expressions for the diffusive transport
regime.17 Thus the technique explored here could be ex-
panded to act as a generic tool across a wide range of
coupled quantum devices.
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FIG. 3. �Color online� �a� Average energy level spacing 	ES for the single,
double, and triple dot arrays �black circles, squares, and triangles, respec-
tively�. An estimate of 	ES based on lithographic area and depletion mea-
surements �gray circles� is shown as a baseline for the single dot. �b� Fourier
spectra for the three arrays �1–3 dots from top to bottom� that share common
frequency and �logarithmic� Fourier amplitude axes. The maxima in �G� are
indicated on the y-axis for each array.
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