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Abstract
Force chains figure prominently in shearing motions of granular materials, inasmuch as
these chains of load-bearing grains dominate resistance to motion. A simple scaling of
the forces involved in the motion of a dry, gravity-driven granular shear flow induced
by vibrations (see, e.g., Roering et al., 2001; Roering, 2004) suggests that this shearing
motion reflects a balance between the rate of production and the rate of disruption of
granular force chains. The rate of production of force chains is proportional to the rate of
shear. The rate of disruption is proportional to the rate of shear as force chains ‘age’ during
rotation, whence they become unstable and self-destruct. The rate of disruption is also
proportional to the frequency and intensity of elastic waves, induced by acoustic vibrations,
that propagate through the granular material and weaken force chains. The analysis is
empirically consistent with the exponential-like profiles of grain displacement, and the strongly
nonlinear increase in grain flux with increasing surface slope, observed in experiments.
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Problem

Granular material flows are central to a variety of geomorphic processes, from dry ravel to the migration of sand
dunes to the motion of landslides. To inspire thinking about gravity-driven motions of granular material, Roering et al.
(2001) and Roering (2004) (hereafter referred to as RR) conducted novel experiments in which grains in an acrylic
box undergo excitation derived externally from acoustic vibrations (Figure 1), leading to downslope granular flows. In
such flows the mean free path of grains is of the same order as the grain diameter (or smaller), and fluctuating grain
velocities are of the same order as the local ensemble mean velocity. Campbell (2002) places these flows within an
‘elastic regime’, and points out that they are frictional, but not in the classic sense of a Coulomb model involving
dilation and frictional sliding between grains (Campbell, 2006). Rather, motion involves the continuous buildup and
collapse of granular force chains (see, e.g., Howell et al., 1999; Campbell, 2005, 2006; Mair and Hazzard, 2007).
In the absence of external excitation (in this case, vibrations), gravitational energy is converted to a mean shearing
motion wherein velocity gradients contribute to fluctuating grain motions that are dissipated via inelastic collisions
(Campbell, 1990). What is particularly interesting about the flows in the RR experiments is the added effect of the
externally derived excitation. In addition to being a second source of fluctuating grain motions, an effect of this
excitation is to contribute to the disruption of force chains (Campbell, 2003; Hostler and Brennen, 2005a, 2005b),
which in turn contributes to the gravity driven shearing motion in these experiments.

The point of this contribution is to describe how force-chain effects enter this problem, and give rise to the
exponential-like profiles of grain displacement in the RR experiments. Our analysis below appeals to a simple idea.
The forces resisting grain motion derive from force chains. Such chains are disrupted by both shearing motions and
vibrations. But force chains are also generated by shearing motion. The geometry of the collective grain motion thus
reflects a balance between the rate of production and the rate of disruption of force chains. Although the formulation
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Figure 1. Image of experimental acrylic box containing sloping granular material, and centimeter-ruled measurement grid (inset);
the box is vibrated by a sub-woofer (not shown) fixed beneath it.

is specifically aimed at the RR experiments, the results lend special value to these one-of-a-kind experiments in that
they reveal ingredients of the basic behavior of granular flows in a broader context.

We note that, in aiming at parsimony, the analysis appeals to simple geometrical and mechanical scaling. Algebraic
expressions in the formulation therefore do not include numerical factors. This means that, although functional forms
for the grain speed and flux are dimensionally sound, certain quantities within them cannot be numerically con-
strained, so the comparison of the formulation with the data from the RR experiments remains at a qualitative level.

Ingredients of Motion

Grain excitation
The grains in the RR experiments undergo excitation due to vertical accelerations of the acrylic box (Figure 1). These
accelerations derive from vibrations of an acoustic speaker (sub-woofer) fixed to the bottom of the box. The speaker,
driven by a white-noise source, passes this noise to a sub-woofer frequency range of ~20–200 Hz. The geometry and
mass of the speaker–box–grain system, and the coupled motions of these system components – as a massive, dissipative
system – then pass this sub-woofer range of frequencies to lower frequencies of vertical vibrations.

The sidewalls of the box, with finite rigidity, experience flexural vibrations as they interact with the granular
material between them. The intensity of such sidewall vibrations must vary horizontally due to the finite breadth of the
sidewalls and vertically due to the finite height of the sidewalls with fixed base and free top, and due to the coupling
between the sidewalls and the granular material filling the lower part of the box, notably involving a sharp transition
in this coupling across the free surface of the granular material.

Grains ‘deep’ within the granular material may or may not lose contact with the base or sidewalls depending on the
magnitude of the boundary accelerations and the overburden stress. With sufficiently large boundary accelerations,
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grains may lose contact with the boundaries and therefore experience collisions with them. If, with sufficient over-
burden (probably involving a depth of at least several hundred grain diameters (see, e.g., Potapov and Campbell,
1996)), the grains deform elastically over the full amplitude of the boundary vibrations, then the grains can maintain
contact with the boundaries. Grains close to, or at, the surface of the granular material are more likely to experience a
loss of contact with the sidewalls and therefore undergo collisions with them.

Granular temperature
Let x denote a horizontal coordinate that is parallel to the box sidewall and positive in the downslope direction, let y
denote a horizontal coordinate that is normal to x and let z denote a vertical coordinate with origin (z = 0) positioned
at the base of the box (Figure 1). Moreover, letting u = iu + jv + kw denote the grain velocity, then u = um + u′, where
um is the velocity of the (ensemble) mean motion and u′ is the fluctuating grain velocity.

Inasmuch as vibrations of the box in the RR experiments contribute to differential grain motions, such grains
possess a finite granular temperature T. Production of granular temperature also occurs with the shearing motion of the
near-surface layer in these experiments. The granular temperature is defined as

T u v w        = < ′ > = < ′ > + < ′ > + < ′ >( )1

3

1

3
2 2 2 2u (1)

and is generated from two sources: collisional production and streaming production. Production of granular tempera-
ture by streaming is only important in the presence of a velocity gradient in the mean motion. This mechanism of
production is analogous to the generation of fluctuating speeds in kinetic theory, as grains move from an area of high
mean velocity and on average carry this velocity into an area of low mean velocity, or vice versa, before interacting
with other grains. Production by collisions also occurs in relation to such velocity gradients, but does not require them.
Focusing first on this latter source of granular temperature, physical and numerical experiments that excite a granular
layer from below deserve notice for comparison with the RR experiments.

In experiments (e.g. Yang et al., 2002), the solid base beneath a granular layer is accelerated vertically as a low-amplitude
high-frequency sinusoid, independently of grain motions above. In analogous numerical experiments (e.g. Ramírez and
Soto, 2003), the excitation at the base is steady, where rebounding grain speeds are sorted as a Maxwellian distribution.
In these experiments, grains are brought to a steady state in their macroscopic quantities averaged horizontally.
Moreover, no mean motion, and therefore no velocity gradients, exist. Notably, then, the granular density n (number of
grains per unit volume) involves an inversion: it is low near the base, increases to a maximum value at finite distance
from the base, then declines upward to the free surface. In turn, the granular temperature is high at the base, declines to
a minimum value at finite distance, then increases upward. The significance of these experiments is that they demonstrate
how the granular heat flux J for inelastic grains satisfies the generalized law (see, e.g., de Groot and Mazur, 1984)

J = −kT∇T − μ∇n (2)

where kT is a thermal conductivity and μ is a transport coefficient that vanishes for elastic systems (Lun et al., 1984;
Brey et al., 1996, 1998; Dufty et al., 1997; Garzó and Dufty, 1998). These experimental systems are in a conducting
state (e.g. not involving convection, grain clustering or oscillating behavior), and thus a steady flux J is conducted to
the free surface despite an adverse temperature gradient in the upper part of the granular fluid. Interestingly, the
granular temperature increases with vanishing grain concentration above the free surface in these experiments. A
lovely explanation of this is provided by Campbell (2006).

In contrast to these low-concentration experiments, where granular concentrations can locally be significantly less
than the close-packing concentration, deep-layer high-concentration experiments (e.g. Potapov and Campbell, 1996;
Hostler and Brennen, 2005a, 2005b) also deserve notice. In such experiments the concentration remains close to the
close-packing concentration and the oscillating lower boundary induces elastic waves that propagate upward through
the granular layer. These waves generate a granular temperature manifest as oscillating grain motions with wave
passage. With sufficient overburden the grains deform elastically over the full amplitude of the boundary oscillations,
and the grains maintain contact with the boundary despite accelerations in excess of g (Potapov and Campbell, 1996).

The RR experiments are like these experiments in that grains are excited by boundary oscillations. At depth,
inasmuch as grains maintain contact with the base and sidewalls, then like the experiments of Potapov and Campbell
(1996) and Hostler and Brennen (2005b) grain excitation occurs via elastic waves. These experiments differ from the
RR experiments in that the granular concentrations are significantly lower (in the experiments of Yang et al. (2002)
and Ramírez and Soto (2003)), the boundary oscillations are independent of the grain behavior, and the granular
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Figure 2. Idealized granular shear flow with inclined x′–z′ coordinate system showing force-chain participants (black), other
force-bearing grains (grey) and spectators (white); modified from Cates et al. (1998).

density and temperature vary in only one dimension. Moreover, the RR experiments probably involve transient rather
than steady granular temperature and density fields.

Granular temperature is also produced by collisional and streaming mechanisms during the shearing motion of the
grains (e.g. Campbell, 2006). The collisional mechanism generally dominates at large grain concentrations, and is
probably dominant in the RR experiments except possibly at the free surface. Moreover, unlike the thermodynamic
temperature, the granular temperature is not necessarily isotropic. (The physical experiments of Yang et al. (2002)
with mustard seeds nicely illustrate this point.) In shear flows, that part of the granular temperature composed of the
fluctuating speeds measured parallel to the mean motion is generally greater than that part involving fluctuating speeds
measured parallel to the velocity gradient. This anisotropy increases with decreasing grain concentration as the
relative importance of the streaming mechanism increases, but with large concentration where the collisional mecha-
nism is dominant the granular temperature becomes nearly isotropic (Campbell, 1989).

That the grains in the RR experiments are raised to a finite granular temperature is directly evidenced by the
dispersion of tracer grains in the experiments of Roering (2004, Figures 5 and 6). Indeed, the granular temperature is
a direct measure of relative motions among grains. It is also evident in these experiments that the amount of disper-
sion, and inferably the granular temperature, increases toward the free surface. The tracers further suggest increasing
anisotropy toward the surface, and this may partly reflect that surface (and near surface) tracers experienced signifi-
cant streaming during the shearing motion.

Force chains
To move downslope, the excited near-surface layer in the RR experiments must be dilated to allow differential grain
motions, and the granular concentration is likely close to the so-called critical concentration cc. When excitation
ceases, layer motion ceases (although grains previously launched from the surface continue to bounce around). Thus,
although it may be roughly correct that grains maintain constant frictional contact with their neighbours (Roering,
2004, p. 1604), this represents an incomplete image of friction during the shearing motion. Certainly the collective
motion includes differential sliding of grains one against another, an ingredient of dissipation of granular energy to
heat, but the collective motion almost certainly includes momentary weakening, if not separation, albeit mostly small,
of grain contacts that leads to disruption of force chains (Figure 2). Several items point to this. The source of
collective motion is gravitational only upon excitation. Qualitatively, this onset of motion is like lowering the internal
friction angle, momentarily allowing failure at a slope that is less than the nominal static critical angle. Gravity alone
cannot provide this weakening and initiation of motion. Rather, this behavior must involve initial disruption of the
static force-chain network with excitation, giving a force imbalance that initiates motion. This disruption, in turn,
requires a finite granular temperature. Indeed, the launching of surface grains, representing large grain separations,
illustrates locally high granular temperatures. With cessation of vibration, motion ceases. That is, a force-chain
network that supports the static stress field is reestablished, as before the onset of vibration.
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Resistance to granular motion in the RR experiments is provided by force chains (Figure 2). For a surface parallel
to shearing motion, conservation of the number of force chains per unit area N [number L−2] requires a balance
between the production and destruction of chains:

d

d

N

t
P Q Q Qf T        = − − −γ . (3)

Production is represented by the term P [number L−2 t−1]. Destruction involves three mechanisms represented by Qγ , Qf

and QT [number L−2 t−1]. As described further below, Qγ describes force-chain destruction associated with shearing
motion, Qf describes destruction associated with vibrations and QT describes destruction associated with grain colli-
sions. Under steady motion dN/dt = 0 and P = Qγ + Qf + QT.

At a particular concentration c per unit area the rate of production of force chains P goes with the rate of shear,
namely P ~ αγ, where α [number L−2] is a factor and the shear rate γ = du/dz [t−1]. This production of chains is purely
geometrical in relation to shearing motion, and is therefore independent of the gravitational field.

Shear also leads to chain destruction. Specifically, the rate of chain destruction Qγ goes with the shear rate and with
the number of extant chains, namely Qγ ~ αγγ N, where αγ is a dimensionless factor. This describes the ‘aging’ of
chains during rotation, whence they become unstable and self-destruct (Campbell, 2006). As described below, the
factor αγ may weakly depend on the flow geometry in relation to the gravitational field.

Momentarily neglecting Qf and QT (described next), under steady motion P = Qγ, in which case α = αγ N. Moreover,
by definition, the chain longevity tl [t] during steady shear is tl = N/P ~ N/αγ ~ 1/αγγ. The instantaneous number of
chains per unit area N ~ Ptl ~ Qγ tl ~ α/αγ is therefore independent of the shear rate γ (Campbell, 2006).

Disruption of force chains also occurs when the acceleration of a vibration with amplitude A and frequency f is
sufficient to break chain ‘links’, either by separating grains in a chain, or by weakening grain–grain contacts such that
chain–grain interactions break force-chain links during shear. The possible number of chain disruptions per unit time
goes with f, of which only some proportion β occurs. That is, this rate can be no greater than f (β = 1), and the
longevity of chains subject to such vibrations (in absence of shear) can be no shorter than 1/f. Thus the longevity
associated with vibrations goes as 1/βf, and it is assumed that Qf ~ βf N. (The factor β is examined further below.)

The term QT in (3) describes destruction of force chains in relation to grain–chain collisions, inasmuch as chains
are weakened by collisions with surrounding grains. As described below, this term becomes significant only with
avalanching (and relatively high granular temperature) when the surface slope exceeds a critical value. It is assumed
that QT ~ εN, where the factor ε [t−1] is like the reciprocal of the mean free time.

Collecting production and destruction terms, the force-chain longevity is

t
N

f
l  ~  ~ 

    αγ α γ γ εγ

1

+ +
. (4)

In turn, the number of chains per unit area is

N
f

 ~ 
    

αγ
α γ β εγ + +

. (5)

Over an area B the force F associated with chains is F ~ kδNB, where k is the grain-contact stiffness and δ is the
grain-to-grain deformation. In turn the stress τ ~ F/B ~ kδN, so

τ δ αγ
α γ β εγ

 ~  ~ 
    

F

B
k

f+ +
. (6)

This says that in the absence of vibrations ( f = 0) and free failure (ε = 0), the stress τ is independent of the shear rate
as implied by the scaling above. This result is equivalent to saying that, like fixed volume experiments, the stress is
independent of the shear rate in the elastic–quasi-static regime (Campbell, 2006). On the other hand, (6) suggests that,
for a given magnitude of τ determined by the geometry of the granular flow and a given depth within it, then with
f > 0 or ε > 0 the shear rate γ must increase to satisfy τ. That is, with an increasing rate of destruction of force chains
by vibrations or collisions, then such chains must be produced more rapidly by an increasing shear to sustain the
number of chains (and τ). Indeed, the onset of motion in the RR experiments marks the initial disruption of static
chains and a force imbalance leading to ‘failure’ and shearing motion. This motion in turn produces new chains that
dynamically balance the driving forces.
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Velocity Profiles and Grain Flux

Constant grain stiffness
The factors αγ, β and ε are key ingredients in (6). To clarify their meaning, consider an inclined coordinate system
(Figure 2): x′ is parallel to the granular surface and positive downslope, and z′ is normal to x′ and positive upward.
Then the depth h = −z′ with origin (h = 0) at the surface. Now, with γ = du/dz′ = −du/dh, (6) may be rearranged to

d

d

u

h

f
k

 ~ 
  

  

β ε

α α δ
τγ

+

−
. (7)

For ε = 0 (elastic–quasi-static flow without free failure), shear occurs only with vibration (f > 0). In the absence of
vibrations (f = 0), the surface slope S must be above a critical value Sc for finite shear, such that ε > 0. With f > 0 or
ε > 0, the denominator cannot vanish, as du/dh must remain finite. With these points in mind, let us start with β.

The disruption of a force chain involving separation of grains occurs when the amplitude A of grain–grain deforma-
tion δ associated with elastic waves exceeds the magnitude of the static deformation δs (Campbell, 2003). The
disruption of a chain also occurs with vibrations of neighboring grains. The likelihood of this increases with A. (Note
that the disruption of a force chain in a granular medium does not require separation of its grains, just sufficient
reduction in the force holding the chain together as it interacts with surrounding grains during shear (Campbell,
2003).) Both A and δs vary locally, as the propagation of elastic waves (speed and intensity) depends on the granular
concentration, specifically the coordination number (the number of contacts between a grain and its neighbors), which
varies with overburden (Potapov and Campbell, 1996; Hostler and Brennen, 2005a, 2005b). To first order it is thus
assumed that the factor β ~ A/δs. That is, when the wave amplitude A → 0 the likelihood of chain disruption due to
vibrations vanishes, and as A approaches the local static deformation δs the likelihood of disruption increases.

With grain density ρs the normal overburden stress on planes normal to z′ goes as ρscg cos θh. In turn, it is assumed
that kδ ~ kδs ~ ρscg cos θh/Ng or that δs ~ ρscg cos θh/kNg. Here, the number of grains per unit area Ng ~ 1/d2, where
d is a characteristic grain diameter. In this approximation the deformation δ is assumed to be sufficiently small that the
stiffness k is essentially constant and independent of δ (Potapov and Campbell, 1996; Campbell, 2006). The theory of
Hertz (1882) suggests that for spherical grains k ~ δ1/2, although experimental evidence suggests that at low over-
burden pressures k ~ δ (Campbell, 2006), giving a grain contact force Fg ~ k0δ 2. (This point is considered in the next
section.)

At depth h the stress that must be supported by force chains is τ = ρsc sin θh. The force balance requires that
τ ~ kδ cos φN, where φ is the typical angle of force chains relative to a surface parallel to shearing motion. Using (6)
this gives
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With γ = du/dz′ = −du/dh and S = tan θ, this becomes
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The ratio αγ /αd 2 ~ (Ng/N)/(1 + βf/αγγ + ε/αγγ ) is a measure of the number of grains per unit area to the number of
force chains per unit area; thus αγ /α cos φd 2 > 1. One may think of this as the number of grains/chains intersecting a
surface that is parallel to the shearing motion, per unit area of this surface. Furthermore, finite shear requires that αγ S/
α cos φd 2 < 1; thus 1 < αγ /α cos φd 2 < 1/S. Setting S to its critical value Sc implies that 1 < αγ /α cos φd2 ≤ 1·5,
suggesting that many grains actively participate as members of chains, rather than as spectators (Figure 2), as S → Sc.

Turning to the quantity ε, this is likely to be a complex function of grain motion and depth. Inasmuch as it
represents destruction of force chains by collisions, it can only be significant at relatively high flow rates and granular
temperature (within the elastic–inertial regime of Campbell (2005, 2006)). It is thus assumed that ε ~ εTT

1/2, where
εT[L

−1] is like the reciprocal of the mean free path. In turn, T1/2 ~ u, so ε ~ εTu, which suggests that this term is mostly
important near the grain-flow surface. In the next few steps, this term is neglected. The approximation therefore
pertains to the domain of S < Sc in the presence of vibrations.
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Neglecting the term in (9) involving ε, a solution of (9) is

u
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h

h0 0

1    ln= −
⎛
⎝⎜

⎞
⎠⎟

(10)

where u0 = u(h0) is the depth-averaged velocity, namely
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α
α φ

θ
α φργ s
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Note that h0 = H/e, where H is the depth at which u = 0.
If we momentarily neglect the uppermost data in the six grain-speed profiles in Figure 7 of Roering (2004), with the

idea that motion of the top layer (a few grain diameters) probably involves streaming behavior and possibly ingredi-
ents of saltation, then simple regression yields direct estimates of u0 and h0, whence the data collapse to a single line
consistent with the form of (10) (Figure 3). We note that estimates of u0 using these regressions are systematically less
than estimates of u0 based on numerical integrations (Riemann sums) that include the uppermost data.

The regressions above retrieve estimates of the depth H for each of the six profiles independently. If on physical
grounds we instead insist that the value of H ought to be the same for a given vibration intensity – with the idea that
H is set by the overburden at which force-chain disruption by vibrations becomes negligible, independently of slope
– then alternatively we may write (10) as u ~ [SI/(1 − N*S) cos θ]ln(h/H), where N* = αγ /α cos φd2, and I denotes
the ratio in (11) involving A. The quantity I is a measure of the vibration intensity. Upon rearranging this to u* =
u(1 − N*S) cos θ/SI ~ ln(h/H), and choosing values of the quantities N*, I and H that provide a good visual fit, the data
for three values of slope S and two intensities I (Figure 7, Roering, 2004) again collapse to a single line (Figure 4).
The import of this is that a reasonable qualitative fit is obtained with the same values of H and N* for each vibration
intensity, that the two estimates of H (0·12 and 0·13 m for low and high intensities, respectively) and of I (0·003 and
0·004 m s−1 for low and high intensities, respectively) are physically consistent, and that, most notably, the two
estimates of N* = αγ /α cos φd2 (1·6 and 1·8 for low and high intensities, respectively) are entirely consistent with the
scaling presented above for S < Sc.

Turning to the grain flux per unit width q (Roering, 2004, Figure 8), by definition q = Hu0. In turn, the depth
H ~ H0/cos θ, where H0 is the overburden depth at which disruption of force chains by vibrations effectively ceases
beneath a horizontal surface. Then,

q
H S

d
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. (12)

Figure 3. Plot of dimensionless grain speed u/u0 versus dimensionless depth h/h0 using data from Figure 7 of Roering (2004)
involving slopes of 15, 20 and 25° under low intensity and high intensity vibrations.
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Figure 4. Plot of dimensionless grain speed u* versus dimensionless depth h/H using data from Figure 7 of Roering (2004) for
slopes of 15, 20 and 25° under low intensity (black) and high intensity (grey) vibrations based on N* = 1·6, I = 0·003 m s−1 and
H = 0·12 m (black) and N* = 1·8, I = 0·004 m s−1 and H = 0·13 m (grey); the increase in N* and H with I is physically consistent.

This yields a strongly nonlinear increase in q with slope S. Used in a curve-fitting mode this looks like q ~ SI0/
(1 − N*S) cos2θ, where I0 = H0I. Upon rearranging this to q* = q/I0 ~ S/(1 − N*S) cos2θ, data for three intensities from
Figure 8 of Roering (2004) collapse to a single line when the intensities are scaled by the reported factor of 1:3:5
(Figure 5). The rate of increase in q*, and the domain of S over which q* rapidly approaches infinity, are sensitive to
the ratio N* = αγ /α cos φd 2 (the ratio of the number of grains to the number of chains per unit area, modulated by the
force-chain orientation cos φ). The estimated value of N* = 1·5 is consistent with the scaling presented above.

Strain-dependent stiffness
If it is assumed that k ~ δ or k ~ δ1/2 (i.e. Hertzian), then (6) looks like

τ δ αγ
α γ β εγ

 ~ 
    

k
f

n
0 + +

(13)

with n = 2(k ~ δ) or n = 3/2(k ~ δ1/2) and δs ~ (ρscgd 2 cos θh/k0)
1/n. In turn, neglecting ε, (11) looks like

Figure 5. Plot of dimensionless grain flux q* = q/I0 versus slope S using data from Figure 8 of Roering (2004) for low (black),
medium (grey) and high (white) intensity vibrations, scaled by reported ratio of 1:3:5, namely, medium intensity data are divided
by three and high intensity data are divided by five; theoretical curve (solid line) is based on the parametric values N* = 1·5 and
I0 = 0·1 cm2 s−1.
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The form of this for both n = 2 and n = 3/2 can be fitted to the profiles in Figure 7 of Roering (2004), although it
typically underestimates the datum nearest the surface in each plot.

Higher-order effects
The approximations herein have assumed that the granular concentration c is constant (and approximately equal to the
critical concentration cc). It must be noted, however, that small variations in c, which most certainly exist over the
thickness of the granular material in the RR experiments, can have important effects. These include influences on the
strength of force chains and the propagation of elastic waves (Hostler and Brennen, 2005a, 2005b). Such variations in
c can also reflect small variations in granular temperature, and the possibility of behavior in the elastic–inertial regime
(Campbell, 2006) at high flow rates. This case requires a different force balance wherein force chains must also
accommodate grain/chain inertia during shear (Campbell, 2004, 2005).

The factor αγ may weakly depend on the flow geometry in relation to the gravitational field. Recall that this factor
describes destruction of force chains in relation to their ‘aging’ during rotation. Part of this destruction probably
involves the orientation of chains relative to the gravitational field. Namely, at large slope S, chains under the
influence of gravity may collapse sooner than they might otherwise at a lower slope.

We finally note that the static version of (8) provides an interesting interpretation of the critical slope Sc. Namely,
setting f and ε in (8) to zero and assuming a critical state,

S
N

N

N
c

g g

 ~ 
 cos 

  cos 
α φ
α

φ
γ

≈ . (15)

Comparing this with (5), the number of force chains per unit area N is at its maximum value. Vibrations decrease this
value, which is equivalent to lowering the critical slope.

Conclusions

The essential point of this analysis is embodied in the statement of conservation (3) and in the force balance (6).
Inasmuch as force chains provide resistance to grain motion, then the geometry of the motion is determined by a
dynamic balance between the production and destruction of force chains. An increasing rate of destruction of force
chains by vibrations or collisions requires an increasing rate of production by shear to maintain this balance. The
analysis is consistent with the exponential-like profiles of grain displacement, and the strongly nonlinear increase in
grain flux with increasing surface slope, observed in the RR experiments. The analysis also suggests that the critical
slope is set by the ratio of the number of force chains to the number of grains per unit area, modulated by the force-
chain orientation.
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